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ABSTRACT 


In  a racant  axparimincal  lnvea*;igaCion  of  ATJS  dlaka  apun  to  fallura, 
maxlnua  atraina  at  fractura  war*  cong^arad  with  pradlctlona  baaad  on  tha  Wallar- 
OASIS  and  Jonaa-Halaon  polyaxlal  atraaa-atraln  ralatlona.  In  addition  tha 
fracture  data  wara  analyzad  to  detanaina  approxlmata  . ,llura  va.  atrain  curvaa 
for  a numbar  oi  atrcaa  ratioa. 

Tha  praaant  papar  ahowa  that  improvad  attain  pradlctlona  ara  obtainad 
ualng  a atraaa  atrain  relation  propoeed  bv  tha  praaant  author.  Tha  papar  alao 
ahowa  how  tha  statlatical  theory  of  fracture  under  conblned  atreaaea  can  be 
aag}loyad  to  deduce  tha  uniaxial  ae  ell  aa  Inpioved  biaxial  atraaa  or  atrain 
failure  rclationa  for  the  particular  graphite  uaed. 
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(NTaOinJCTTON 

factory  aalwriala  ara  fraquantly  uaad  In  raantry  vahlcla  noaatlpa  tc 
coabac  tha  aa' arc  beating  rondltlonr  ancouiiteiad . The  tStaraal  atraaaaa 
tharal  V-  Induced  introduce  a rlak  of  fracture.  To  calculate  the  survtv...  ^rnb~ 
ability.  It  ta  neceaaary  to  be  able  to  detenatne  the  etraaaea  and  etralna 
induced  by  tha  coablned  therawil  and  aerndynaaiic  luada,  to  find  the  probability 
of  fracture  In  each  voIum  al<«aMnt.  and  frfwa  the  lattar  to  eetlMta  tl>e  aur- 
’,'lval  probabtl  1 tv  of  the  entire  nosetip.  Aaong  the  thlnga  needed  tc  accoar 
pllah  Chla  taak  are  aufflclantly  accurate  conatitutlve  lawa  for  tha  ■atarlala 
aiaployed,  and  a knowladge  of  the  fracture  atatlatlce  of  the  aatarlal  aa 
affactad  by  apaclnan  aise  and  the  (generally  biaxial  or  trlaxlal)  atreaa  etaCe 
^rtvolvad. 

In  a racant  axperliaental  wcudy^  to  ahed  light  theae  mattara,  ATJS  graph- 
ite dleka  and  bars  wera  teatad  to  deatructloii  by  aplnnlng.  Tha  ceiurlfugal 
forces  producad  biaxial  atraa..ea  which  varied  with  the  posit  ion  in  the  disk. 
Since  only  etralna  (nut  etreasee)  could  be  meaeured  dlrec  ly,  such  teats  fur- 
nish 4.  llislted  but  nevertheieaa  uaef’ii  Beane  of  checking  the  adequacy  of 
various  proposed  polyaxlal  atreae- strain  relatione.  In  addition,  the  exparl- 
stenta  provide  data  on  the  atatlstlcs  of  fracture  under  polyaxlal  loading  con- 
ditions . 

In  Rafarance  1,  strains  measured  at  tha  center  of  the  diak  ware  checked 
against  theoretical  predictions  of  two  dlflcrent  thaoreticai  conatitutlve  laws. 
In  tumad  out  chat  one  theory  generally  overeaClBsted  tha  atralns,  while  the 
other  undarasCioMtad  Chan.  Tha  fracture  rcaulta  ware  given  in  tema  of  prob- 
ability of  failure  va.  atraln  for  blaxlally  loaded  apecl-tMna  of  tha  aixa  itsad 
In  t-h.*  standard  ♦’crj'lli  Le-ca  vO.O/  cubic  inches).  .isiltoc!  data  were  glvsn  on 
the  affect  of  tlaxlallcy  on  fracture,  but  nc  coircLatlon  with  chaury  was 
atcaoptad. 
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Th«  t^rtwiry  objective  nf  t K«  pr*««nt  p«p«t  !•  (u  nhow  ho>w  thit  unl«Ki«l 
•tr«»a-atrain  data  and  uniaxial  fractur#  ataciatlia  <an  ha  Ranarailxad  with 
tha  aid  of  thaory  to  atraaa  analtsa  th«  rotating  diaka  and  alao  account  for 
tKa  ohaarvad  fai  lura  atatiatita.  It  ia  shown  that  agraaiatnt  baewaan  thaory 
and  aiq>a: iaant  ia  good  for  both  typaa  of  problana. 

A aacond  objaotiva  is  to  invaatlgata  tha  applicability  of  waakaat  link 

■/ 

thaory  and  Ita  aasociatad  vi- 1 Mia  affact.  In  ona  racant  atudy"  it  was  con- 
cludad  that  largar  apeciawna  braak  at  a low«r  atraaa  in  aiiotd  with  tliaorv, 
but  tha  qjuanti tat f va  agraaiMnt  batwaan  thaory  and  axparlMnt  laft  aoaathing 
CO  ba  daelrad.  In  anuthar,^  no  voluna  affact  was  found  Tha  praaant 
invest  igat  ton  aupporta  waakaat  link  thaory  and  tha  iag>Iiad  voiuaw  aflact 
quantitatively  aa  «/aH  aa  qualitatively. 

KJCpruiMwrrAi.  data 

Tha  ax 'ariisantai  aai-ttn,  pr>'M:a<ji'ra.  and  data  laducticn  tachniousa  are 
dascrihad  In  Jatail  in  Rafsrancr  1.  Briefly,  '«e  AT.IS  dinks  were  0.4"  thick 
and  4"  in  dlanatar,  and  ware  cut  so  t..at  the  siataiia’  was  isotropic  and 
axhibitad  wlth-grain  propartiaa  in  tha  plana  of  tha  disk.  The  with-grain 
atraas-atraln  ralation  is  shown  in  Fig.  1.  The  average  apacitic  gravity  of 
CIm  graphic#  Waa  1.83,  and  tha  Poisaon  coafficiant  waa  O.i. 

At  tha  cantar  of  tha  rotating  disk  tha  radial  strain  ia  aqial  to  the 
clrcunf arantial  strain  c^.  Figura  2 shows  how  this  strain  varies  with  spaed 
of  rotation  for  an  alastlc  disk  and  also  for  diaka  obeying  the  Wellar--0A.'?1S 
and  Junas-Nalaon  constiCutlva  relations.  Al uo  shown  is  rlia  rangs  of  naasured 
value.y  of  Chl«  strain  at  tha  tlxc  of  disk  fracture.  The  axparlnantal  data 
exhibit  considerable  scatter  as  s result  of  variations  in  naterifll  ropartloj, 
but  caa  thaorstical  calculation  alaxyst  always  undercstinated  the  strain,  while 
chs  other  nearly  always  overestlmat«d  *t. 
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Table  1 suoawrlzes  the  fracture  data.  For  each  apecliMn  the  rotation 
speed  at  failure  la  listed*  together  with  the  center  strain  and  the  maxlnm 
principal  strain  tt  the  location  of  the  crack  causing  the  failure,  as  cal- 
culated by  a method  described  In  Eeference  1.  These  data  were  processed  by  a 
method  also  discussed  In  S'  Terence  1 to  give  the  probability  of  failure  vs. 
maximum  principal  strain  for  specimens  having  a volume  of  0.07  cubic  Inches. 
By  considering  separately  the  cases  of  fractures  originating  at  radii  less 
than  0.65",  1.1",  and  2"  respectively,  an  approximate  measure  of  the  effect 
of  blaxlallty  was  obtained.  The  biaxial  results  are  displayed  in  Fig.  3. 

Also  shown  are  uniaxial  data  obtained  from  standard  test  specimens. 

STRESS  ANALYSIS  C!  DISK 


The  stress  analysis  of  a loaded  body  requires  the  si^aultaneous  satisfac- 
tion of  the  equations  of  equilibrium,  compatibility,  and  the  coneticutive 
equations  for  the  material.  Because  of  the  radial  symmetry  of  the  problem 
under  consideration,  derivatives  la  the  tangential  direction  vanish  and  the 
equations  of  stress  equilibrium  reduce  to  the  single  equation 


~ (ro  ) 
dr  r 


2 2 

a. 


'e 
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with  the  boundary  condition  0^(2) 
angular  speed  In  radlans/second. 
to  a single  equation; 


(1) 

- 0.  p Is  material  density,  and  b)  Is 
The  equations  of  compatibility  also  reduce 


(2) 


The  above  two  equations  in  four  unknowns  can  be  solved  when  we  add  two  stress- 
strain  equations  involving  the  same  unknowns. 

In  Reference  4 a stress-strain  relation  for  ATJ-S  graphite  was  proposed 
tliat  becomes  In  the  biaxial  case 


5 


TABLE  1 

BIAXIAL  DISK  DATA  ORDERED  BY  INCREASING  MAXIMUM 
PRINCIPAL  STRAIN  AT  FAILURE 
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1 
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8R4-1 
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40,  400 

4.413 
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4,  550 
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ESTIMATED  PROBABILITY  OF  FRACTURE,  PERCENT 


FifHfw  3.  0|iv«  for  Failurt  Strain.  Calculatad  for  a Voluma  of  0.07  Cubic  |n«b 

(Adatrtad  from  Raf.  1|. 
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(3) 


r -¥“e 


- o *f  ~ (1  + f ) 
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P - K 


- 1 


(5) 


In  Bq.  (5)  o°  !•  th*  «la«tlc  Ilnlt  atraas  In  tha  wlth-grain  direction  and 
la  a conatant  to  be  adjuated  to  give  good  agreement  id.th  the  uniaxial 
streas  atraln  curve  near  the  fracture  point. 

The  atreaa-atrain  curves  ahown  In  Fig.  1 do  not  exhibit  an  elastic  limits 
so  for  singillclty  of  analysis  It  Is  asaiined  equal  to  zero.  As  a result,  Eq. 
(S)  becomes 
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F - 


h [T~3 


V 

r 


- K, 


(6) 


when  (J°  approacbea  zero.  The  choice  E • 1.5  x 10  leal  and  “ 0.048  (hsl) 
leads  to  good  a,  reenent  with  the  uniaxial  stress  strain  curvu,  as  Is  apparant 
from  Fig.  1.  Thus  our  choice  of  biaxial  stress-strain  relations  becomes 


0Me\jofr^)-  6.7  « 10-5 

(l  + 0.048^7oJ  ) 


eg  6.7  X 10-5 


(7) 

(8) 


In  the  above  equations  stresses  are  expressed  In  ksl. 

It>  Fig.  4 the  equlblaxlal  stress-strain  behavior  Implied  by  equations  (7) 
and  (8)  is  coaf>ared  with  the  uniaxial  behavior.  For  conq;>arlJon,  the  corre- 
sponding curve  B as  calculated  In  the  Weller-^ASIS  and  Jones— Nelson  approaches 


E - 1500  kti 


«r«  glv«n  In  Fig.  5.  Whereas  in  the  Veller-OASIS  creetBent  the  equlblor  curve 
le  generally  higher  then  the  uniaxial  and  in  the  Jonee-Neleon  treataent  it  ie 
eabetentially  lower,  Eqs.  (7)  end  (8)  luply  the  two  curves  are  very  close 
together,  especially  at  the  stresses  at  which  most  of  the  fractures  occurred. 

Equations  (1)  and  (2),  (7)  and  (8)  were  solved  siBultoneously  by  itera- 
tion for  a series  of  values  of  o),  and  the  results  are  given  in  Table  2.  The 
way  in  which  stress  and  strain  vary  with  radius  is  shown  in  Figs.  6 and  7 
respectively.  Figure  6 shows  the  manner  in  which  the  maxinum  strain  varies 
with  spend  of  rotation  and  compares  the  result  with  the  experlsantsl  date  from 
Reference  1.  The  present  calculation  agrees  significantly  better  with  the 
data  than  the  calculations  baaed  on  the  Weiler-OASIS  and  Joues-Nelscn 
approaches . 

FRACTURE  STATISTICS 

Statistical  theories  of  fracture  are  usually  formulated  in  terms  ot 
stresses.  The  simplest  treatment  Involves  the  u.se  of  ^’albull's  2-parameter 

5 

form  which  nssuiaes  for  the  probability  of  fracture  in  uniform  uniaxial  ten- 
sion 

Pj  - 1 - exp[-Vk^o®]  (9) 

In  this  equation  V is  ths  volume,  and  the  parameters  and  m are  chosen  for 
optimuB  fit  to  the  experimental  data.  Figure  3 contains  exparlmantal  data  on 
probability  of  fracture  of  standard  tensile  test  specimms  as  a function  of 
strain,  but  the  data  apply  to  highsv  strains  than  those  st  which  the  majority 
of  disk  fractures  occurred. 

There  is  no  reliable  way  of  extrapolating  the  standard  tensile  spaclmen 
data  to  the  strain  levels  at  ;^hich  most  of  the  disks  fractured,  expecielly 
since  the  date  as  presented  in  Fig.  3 do  not  conform  well  to  any  of  the 
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TABLE  2 


W(IUd./itc.) 


3600 


3800 


4000 


4200 


4400 


STRESSES  AND  STRAINS  IN 
ROTAriNG  ATJS  DISKS 


• Pi 

.*•0 
.*8 
.*8 
1.00 
1.?* 
1 .<-0 
I .f8 

l.oji 

?.P8 

III 

.(•9 

.»n 
1.00 
i.?o 
1 .(.9 
1 .f<0 
1 .90 
’.00 


7.ni'l,r-><3 

n3 

?.i.l41f.nT 

7 , 1,  »f.n  3 

? . 7SliOr.fl  j 

7.  !».*9F-"3 

1 . S99 JF.T3 

1 .'.M0F--1 
1 .'■M*?E-03 

?.  7F-r  3 
?.  ‘ItFr, r 3 
«flt  If  - 1.3 
?.  71.3 1.F-  1.3 
? t or- 1 3 

2.  UJ7.3F-8  3 

if.  n 3 

7.  1 334F-8J 

1 ,i*.e4C.33 

1. 37*6r,n3 


’.'3  17I.F-8  3 

3 

' . 3«3ir-13 
• ?404f.83 
« 

1 .7737f -93 

7 .?n37E-i)l, 
«.137<»F-1t 
•t  .«.?<»7r-9,, 


7.8«i37r  -05 
’.PlftiF-JS 

’.'S69F-03 

’ . 3n«,3r.(,  )( 

’.omsf-o  j 

1 .f  f<)4.E-03 
1 .?i*9F  -0  J 
P.lMiF-OI. 

•t  .f.0,33f-0l, 


SR 

5. 

l.Jii«*on 

5:hu|:8§ 

T.9OOOF300 

?.%<)Sir»oo 

f;ii|5f:SS 

1 . 1 A0*.F*00 
4. i3?«r  01 
0 . 

3.7lil.C»00 


l.S6/9£300 
1. 1 7b3f»00 
1.1  iisr»oo 


?.  j7.nr*no 

2.3906E3D0 
i.47jqE»oo 
1.31?<.E300 
’.0  ??2f-01 


STHETA 

l.ltPtF+OO 

3.05q7F»O0 

kmilM 

2.9q?7F*riO 
?.  38  t «^F*00 
?.13.3‘t»00 

3.  »00 

3.699 f F.nO 
3.6626F300 
.3.681  ?r*00 
3.  SI  3 9F ♦00 
3.<»01«.r300 
3.76*6r410 
3.09S6?400 
2.9qr?f4cp 
?.6(c-i8»no 

7. 3330F«8ft 


. 01 
.’0 
.<.0 
.FI 
.*8 
1.00 
1 .70 
1 .1.0 
1.60 
i.AO 
?.co 


3, 77'3F.03 
3.’n<'«F-83 
3. 166.5F.8  3 
3. 8ql3r-"3 

3, 1i' 3F.1 3 

7.  ''ll  OF-03 
3.7S-I.F-13 
>.'3?q'--0.3 
7.I.139F-83 
7. 7137*--13 
•*.01't.F-'’3 


3.77F3F-0J 

3. ie67r-i3 
3 .061.3'  -03 
7.8m..  -03 
••  .*  A’q*" -17 
•».766?E-1,3 
1 .8f9«.;-03 
1 .*.  166>-3.« 
‘».li39F-n«. 
3 , q74or -ot 
-1  .'ii’E-lt 


*».  I 0tlE400 

* . Oifjr  *0  0 

s.qi.utFOO 
3.7  ’06E400 
3.- 3f4r*oo 
3.06i.6E4n0 

7.60qOE*00 

?.0’13E4nO 

l.'.SOOF^OO 

’.796qE-01 

0 . 


<• . Uf  1E400 
6. Off  ft  400 
4.01.7  fF400 
3.991 9F400 
3. “8T tf  410 
3. 7666'^400 
3.6lti-F400 
3.«.Sf  ff  400 


3.720f'‘400 
?.<?6»-«.i-4  00 
7.H.O11.00 


.81 
.70 
.40 
.60 
. »1 
1.00 

1.60 

1.98 

7.00 


3.6->03e-13 

3,6071^.83 

■'.'e?7F-r3 

3.l.*'’ir.n3 

3.  34>isF-13 
3. 7'-’  3F-  - 3 
3.oo4»r-o3 
■*.  '>l<.7f-13 
7.  ■’179E-83 


3.6793f-13 
3.S840F-13 
3.1  67t*'-13 
’.7784F-13 
’.“74.4F-13 

7.*-44er.g3 
■’.no6i.r.93 
1 .s8h9i-0  3 

1 . 8?q5f-D3 
L . ct6r«"-n» 
-t  . '’•'.9E- 14 


<•.5  1 43F400 
4.4693E400 
4.3  3 34E  400 
'•  1114F40D 
7 404F400 
36“6E400 
i. 9S99F^00 
2.7  77*E*00 
1 


4.61  6 3.' 400 

4. 49.3  Of  4J8 
l-.  Lfl  47400 
4. 380  cf *00 
4. 79P6f40ri 
4, 15C4F48P 
3. qpqiF^oo 
3. 7947E400 
3.4f?7f 400 

3.789  7‘'400 
7. 9676F  400 


:SJ 

.40 

.90 

. *0 

1 . 00 

l.’O 

1 .40 
1 .60 
1 .90 
7.80 


4.09'6E-"3 
i,.01.->6F-8  3 
3.qqi9'--o  3 
3.00677-83 
3 . 3<ii6e-  n 3 

3. 61,1  qr. 03 
3 , 44  9 or.  n 3 

3.7434r.g3 
3 . 0 3 7 0 r.  g , 

7. 7.1'’2F-  ’ 3 
7.'-’Flr-"3 


1 ."6^67-13 
4.01  74F-03 
3 . «6'',3e-37 
».6l48f-53 
3 .77’lf-13 
7.94614-13 
7 . 3t1  ei-.g  3 
1 -’r04<'-i3 
1 . 1 4t  74-0  3 
t.Qttsji-.ot 

-7. 193ir-14 


4.9409E400 
4.3917E40D 
4.7i.77E40  0 
4.4  9 87E400 
4.1 374F400 
3.6990F400 
3 . 1 1 1 E 1 0 0 

7.4133E410 
1.7467E400 
q.3997e-o: 
0. 


4.9409f400 
4 . 4=1  8 OF  4C0 
4.873Ef 400 
i-.79erF400 
4.691 6F400 
4.6S3nF4lO 
4. 380qF400 
4. 1 774F400 
3.q77'iF400 
’>.977  34.00 
7.?',344.00 
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th*or«tic«l  forwuXatloiu  in  ganaral  ua«.  Accordingly,  v«  atuill  uaploy  chaory 


to  daduca  froB  tha  diak  fractura  data  v'.iat  tha  unlaalcl  fractura  atatlatlca 

In  tha  daalrc  d oi  raaa  range  auat  ba  Tha  procadura  followed  hara  ie>  to  aaauM 

tha  uniaxial  atatlatlca  obav  Eq . (9)  and  than  apply  the  stctlatlcal  theory  for 

biaxial  atraaaaa  to  dataraina  what  valuaa  of  ■ and  k laad  to  tha  obaarvad 

o 

dlak  fracture  atatlatlca. 

Wltan  It  la  aaainaad  tnat  tha  uniaxial  tanaile  ^ractura  atatlatlca  obey 
Eq,  (9)  and  that  fracture  la  dctanalnad  aolaly  by  tha  coaponant  of  atraaa 
nonaal  to  the  cracb  plana,  the  biaxial  tanaila  atatlatlca  bacoaM  (Raf . 6) 


- 1 - axp 


- Vk 


(10) 


whara  and  ara  tha  principal  atraaaaa  with  < Oj  and 


l°-i  \ 

\"i  '*/  (-i;^ 

« * / ^ \ a y , 


(2i)i[_2(»-i)ji  ri\ 
1^0  (ii(B-i)fr  \"i/ 


y 1 1 \ 
V 


Tabla  3 liata  t)ia  valuaa  of  thla  ratio  for  a nuaibar  of  valua«  of  ■ and 
and  fig.  9 contalna  curvaa  for  aalacted  valuaa  of  b. 

Tha  above  consld'vrat Iona  can  be  used  to  calculate  tha  probability  of 
survival  of  tha  rotating  disks  of  Refervnea  1 aa  a function  of  the  spaad  of 
rotation.  Tha  applicable  aquation  la 


P^(u>)  - 1 - axp 


whara 


« 1 - axp  I ~ k a*  cl 
[ o Bax  bJ 

,2  *■  ■ ] I \' 

•'o  o I Bax  I 


dV 


(12) 


(13) 


lb 


J|  / (Ul  'lo/Zi>)J| 


Th«  k ratio  and  the  a ratio  appaarlng  In  tha  Intagral  In  Eq.  (13)  ara 
both  virtually  Independaut  of  tha  rata  of  rotation.  Accordingly  va  avaluata 
the  Integral  after  m is  determined*  using  the  stress  ratios  for  tha  rotation 
speed  in  Table  2 coming  closest  to  a failure  probability  of  50%,  l.e.* 

0)  > 4200  rad. /sec. 

The  experimental  data  In  Table  1 can  be  used  to  datemlne  as  a func- 
tion of  the  rate  of  rotation.  A plot  of  failure  probability  vs.  rotation 

speed  Is  given  in  Fig.  10.  We  find  the  valries  of  m and  C ^ to  fit  these 

m o 

data  as  follows.  For  t«ro  selected  valuer  of  u>  for  which  a appears  in 

max 

Table  2 we  require  that  Eq.  (12)  gives  the  experimental  r.^ults  of  Fig.  10. 
It  then  follows  that 


An[l-Pj(w^)l 

f.n[l-P^(U)2)] 


<“i> 


m 


(14) 


Assuming  P^  at  38CG  rad. /see.  is  G.l  «nd  at  4200  is  0.64*  we  obtain  m - 12. 
Then  using  Eq.  (12)  we  find  that  k^C^  - 1.43  x 10“®.  P^Cu))  is  now  completely 
defined,  and  is  plotted  In  Fig.  10. 

To  find  k we  must  evaluate  C . This  can  be  done  as  follows.  Figure  11 
o m 

shows  a /o  as  a function  of  r for  w “ 4200  rad/sec.  To  a close  approxlma- 
o max 


tlon  the  ratio  is  given  by 
- 1 - 0.086  r^ 


00  (r) 


(15) 


Figure  12a  shows  as  a function  of  r.  Combining  this  result  with  the 

data  In  Table  2 for  m 12,  we  obtain  the  results  shown  in  Fig.  12b  for 
k^,  1^/k^.  Evaluating  the  integral  in  Eq.  (13)  with  the  aid  of  Eq.  (15) 
and  Fig.  12  we  obtain  C - 3.4,  from  which  it  follows  that  k is  4.2  x 10 
Thus  we  conclude  that  in  the  stress  range  within  which  disk  fractures  occurred* 
slsple  tensile  fracture  obeys  the  equation 


(16) 


Pj  - 1 - «*p  V 4.2  X IQ-® 

Bafora  procaadlug  further  It  la  approprleta  to  axaalna  tha  coapatlblllty 
of  tha  rasult  just  obtalnad  with  tha  results  of  standard  tenslls  tests  at  a 
higher  stress  range.  This  Is  dons  In  Fig.  13,  which  shows  what  Bq.  (16) 
lapllas  for  spaclissns  having  a voluaa  of  0.07  cubic  Inches.  Ths  stresses 
have  been  converted  Into  strains  using  Eq.  (8)  for  the  uniaxial  case,  l.e., 

e - (1  + 0.048  o)  (8') 

Also  shown  for  coeparlson  are  fracture  data  for  20  selected  standard  tost 
spsclnsns . 

The  rationale  for  this  selection  Is  apparent  from  14  %rhlch  shows 

that  the  fracture  origins  tended  to  concentrate  heavily  at  the  ends  of  the 
test  section  (l.e.  the  region  of  uniform  cross  section),  and  even  outside 
ths  test  section.  To  compensate  somewhat  for  this  anomaly,  only  fractures 
occurring  at  least  0.05"  Inside  the  test  section  were  Included. 

The  smooth  solid  curve  through  these  data  looks  like  a reasonable 
axtrapolatlon  of  the  disk  data,  except  for  a slight  vertical  offset.  However 
If  the  lowest  point  were  eliminated,  the  resulting  smooth  curve  would  be 
approxiaately  that  shown  dashed  In  the  figure,  which  has  virtually  no  vertical 
discontinuity.  Thus  we  conclude  that  the  disk  data  are  compatible,  within 
normal  experlssintal  scatter,  «rtth  the  data  obtained  using  standard  test 
epeclMins . 

Assuming,  then,  thst  the  unlsxlal  behavior  of  ATJS  In  the  disk  fracture 
stress  range  is  given  with  satisfactory  accuracy  by  Eq.  (16),  we  use  this 
relation  to  predict  theoretically  the  three  disk  failure  curves  of  Fig.  3. 

This  can  be  done  as  follows: 
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DISK 

RESULT 


Fifur*  14.  Fraetura  Locations  in  Standard  Tansila  Coupons  (Taken  from  Raf.  1). 
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since  die  llsk  data  represent  raaulta  for  a degree  of  btaxlallty  ttiat 


Is  averaged  over  the  region  under  consideration  (l.e.,  r ^ r^)  ve  evaluate 

the  quantity  k(r.)  that  represents  k(o  /a.,m)  averaged  over  this  region. 

1 r o 

This  k must  cb«iy  the  relation 


k(r^)  a®  dV  - f ^ k(o^/crQ,a)oJ  dV 

Je\  Jcs 


(17) 


or 


f 


^ M/.12 

E(r.)  -H— ^ 

X _ o 

k 


(1-0,086  r ) r dr 


(18) 


The  denominator  can  be  Integrated  analytically  by  elementary  means, 
yielding 

r ^ (1-0. 086  r dr  - 0 -137  U-(l-0.086 


(y  Q\ 


The  numerator  can  be  evaluated  umerically  with  the  aid  of  Fig.  12.  The 
result  Is 


ic(0.65")/k^  - 5.1 

k(l.l")/k  - 4.0 

o 

k(2")/k  - 3.4 

o 

Using  these  values  of  k Instead  of  k^  In  Eq.  (9)  and  converting  to 
strains,  we  obtain  the  curves  shown  in  Fig.  15  for  r^^  ■ 0.65",  1.1",  and  2". 
Comparing  this  result  with  the  experimental  data  portrayed  In  Fig.  3 some  sig- 
nificant differences  are  apparent  (see  Fig.  16).  Wc  now  address  the  questions 
of  what  these  differences  are  and  how  to  resolve  the  discrepancies.  For  sim- 
plicity, attention  will  be  limited  to  r^^  “ 0.65"  and  r^^  “ 2". 
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STRAIN 


Fleur*  16.  TiMorMieally  OMwtninwl  PraiMbMity  of  Fraefut*  e<f  0.07  In®. 

SpoeimoRi  in  Uniaxial  and  Varioui  Biaxial  Ttntioni. 
(Ckeku  Found  by  Applyine  Eq.  (20)  to  tba  SmootlMd  Dota  in 
Fifur*  17). 


JORTNER'S 

RESULTS 


THEORETICAL 

PREDICTION 


0.01  i 

.0025 


.003  .0036  .004 

STRAOM 


, Figura  16.  Probability  of  F<w»;ir«  of  0.07  ii>^.  Sp<c<wwwt  of  ATJS  QnyWw  In 
Biaxial  Loading  Comnpondirrg  to  that  in  Complata  DM  and  in 
Innar  0.86".  Prarant  Rawita  Comparad  aridi  Tboaa  of  Jottnar. 


Tha  first  dlffarsnca  notad  la  that  tha  curvea  Just  rslculatsd  ara  nasrly 
straight  llnaa  on  probability  papar,  %>haraas  tha  cutvas  of  Fig.  3 ara  qulta 
Irregular  Tha  raaaon  for  this  turns  ouc  to  ba  that  In  affect.  Rafarance  1 
procasaas  bar  graph  data  with  the  aid  of  the  equation 

- sfr 

trhara  la  tha  nuad)ar  of  failures  in  a chosen  strain  interval  and  M Is  tha 
equivalent  number  of  specimens  of  0.07  cubic  inchas  contained  In  tha  total 
volume  of  ATJS  that  was  strained  to  at  least  the  value  e.  If  the  aquation 
is  applied  to  ssnothed  data  (sea  Fig.  17)  wo  obtain  for  P^(t)  for  tha  case 
r.|^  ■ 0.65"  the  circles  shown  In  Fig.  15.  Taest.  -ilts  are  smoother  and  also 
closar  to  our  theoretical  calculation. 

It  is  difficult  to  carry  out  an  analogous  treatment  for  r^^  - 2"  becauae 
the  large  scatter  In  the  test  data  makes  the  smoothing  process  very  uncertain. 


.‘.ccerdifigly  wc  resort  to  a diiferent  approach. 

From  Table  1 we  can  construct  the  eitperlmental  plot  of  P,(c  ) shown  in 

1 max 

Fig.  18.  Wa  then  assume  that  an  avsraga  k exists  for  probability  o:  fracturs 
as  a function  of  strain  lavel  which  satisfies  the  ''quatlon 


P^(e)  - I - sxp 


(21) 


It  cor.  be  verified  from  Table  3 chat  for  co  “ 4200  rad. /sec.,  the  atralr  ratio 
Is  closely  approxlmetely  by 


e 


- 1 - 0.105  r 


(22) 


max 


Inserting  this  relation  in  Eq.  (21)  we  obtain 


- 1 - exp  j^-  £'  27rt  r dr (1-0. 105  r^)“] 


'f9 


(23) 


BIAXIAL  DISK  DATA 

CONSIDERING  MATERIAL  WITHIN  0.66"  RADIUS  ONLY 


Fifur*  17.  Bim.ial  TtaL  FtHur*  Octa,  Mrtarial  Within  k > 0.06  Inch. 
(Ad«|rt«d  frotr  R«f . 1 ) 
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ttaii 


Carrying  ouf.  the  In^  ral  and  fitting  the  curve  of  Fig.  18  at  the  points 
correspotiding  to  u)  >-  3800  rad. /sec o and  4200  rad. /sec.  we  obtain  m'  - 9.4 
and  k’  - 7.7  x 

The  theoretical  curve  corresponding  to  these  values  Is  shown  In  Fig.  18, 
and  the  fit  is  very  satisfactory.  Accord-* ngly,  we  conpute  the  probability  of 
fracture  as  a function  of  strain  for  blaxlally  stressed  0.07  cubic  Inch 


(24) 


specimens  as  deduced  from  data  on  the  complete  disks  to  be 

Pj(t)  - 1 - exp  j^-  0.07  X 7.7  x 10^^  e®*^j 

A mllar  treatment  of  the  inner  0.65"  .f  the  dlsVj  leads  to  m'  * 9.6, 
k'  ■•!!;. 2 X 10  '.  These  results , shown  as  circles  and  triangles  In  Figure  19, 
turn  out  to  be  In  excellent  agreement  with  the  theoretical  prediction. 

As  a final  check  on  the  theory  we  calculate  the  frequency  of  fracture 
as  function  of  distance  from  the  center  of  the  disk.  The  relative  frequency 
is  given  by  the  integrand  of  the  equation 


Pf-1 


exp 


[- 


12 

2TTt  k a 

o max 

L "o 


f 


r dr (1-0. 086  r ) 


2 12  u 


:] 


(25) 


Accordingly  the  suitably  normalized  function 


F(r)  - Kr (1-0.086  r^)^^  k[--,  izj/k^ 

0 


(26) 


is  plotted  In  Fig.  20.  Also  shown  are  the  experimental  data,  as  a plot  of 
fracture  location  vs.  rate  of  rotation,  and  the  corresponding  bar  graph.  The 
theoretical  prediction  Is  seen  to  be  in  excellent  agreement  with  the  tar  graph. 

DISCUSSION 

As  mentioned  earlier,  Reference  1 enq>"'oyed  the  principal  strains  at  the 
locations  of  the  fracture  origins  to  reduce  the  disk  failure  data.  Ho  use  was 
ma/ ’ of  the  statistical  theory  of  fracture  under  biaxial  loading.  As  a result. 
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Figur*  Itl.  ProlMbility  of  Fai'uni  vertui  Strain  Cirvos  Obtainod  from  Slron  Diitribution  in 
TaMa  2 and  Thaoratical  Biaxial  Fmcti>^  Statittict  of  labia  3.  Cirdas  and 
Trionflla*  Obtoinad  from  Fractora  Dati,  of  Tabla  1 and  Strain  Distribution  of 
Tdda  2. 
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» TEST  DATA 
€t  2 COINCIDENT 
POINTS 


all  that  could  be  obtained  was  the  probability  of  fracture  va.  principal 
strain  for  several  biaxial  stress  ratios  that  20uld  only  be  approxlnstely 
identified* 

Application  of  the  statistical  theory  nf  fracture  together  with  the 
ccng)uted  stress  distribution  has  made  it  possible  to  deduce  from  the  disk 
failure  data  the  uniaxial  failure  statistics  as  well  as  the  biaxial  failure 
statistics  for  any  stress  ratio.  This  renders  the  results  directly  useful 
for  structural  explications.  Agreement  between  thciory  and  experiment  was 
very  good. 

The  computed  stress  distribution  and  the  stat:’  ‘cal  theory  of  fracture 
under  biaxial  loading  were  also  applied  to  determine  tho  probability  of  frac- 
ture origin  as  a function  of  radial  distance  from  the  disk  center,  again 
obtaining  very  good  agreement  with  experiment.  Since  the  experiment  did  not 
provide  a basis  for  checking  polyaxlal  fracture  etettstica  and  stress  dis- 
tribution individually  it  cannot  be  asserted  that  these  were  unambiguously 
confirmed.  But  the  fact  that  the  theory  of  biaxial  fracture  statistics  and 
the  assumed  polyaxlal  stress  strain  law  combined  to  give  so  accurately  the 
overall  fracture  statistics  of  complete  disks  or  portions  thereof  as  well  as 
the  radial  distribution  of  the  fracture  origins  and  the  strain  at  the  disk 
center,  la  rather  persuasive  indirect  evl ience  of  the  accuracy  of  both  theo- 
retical inputs. 

The  experimental  data  and  the  success  of  the  theoretical  analysis  can 
also  be  regarded  as  evidence  supporting  weakest  link  theory  as  applied  to 
graphite  fracture.  This  Is  of  particular  inter  t in  the  light  of  findings 
in  two  earlier  studies  more  specifically  at  looking  into  this  ques- 

tion. In  both  studies  attention  was  focussed  on  the  volume  effect.  According 
to  weakest  link  theory,  the  probability  of  fracture  takes  the  form 


Pj  - 1 - «3Cpt-Vf(0)l 


wtiarc  f<o)  is  a nonotonlc  function,  tha  fora  of  which  dapandr  cm  tha  particu- 
lar theory.  Thus  for  a chosen  value  of  tha  product  Vf(o)  is  coaataat» 

2 

and  this  relation  deterainea  the  voluatc  scaling.  Tha  aarlier  study  led  to 
the  conclusions  that  Vaibull  theory  is  qualitatively  correct  in  predicting 
a lower  Man  fracture  stress  and  saallar  dispersion  for  larger  spaciMns, 
but  that  the  Weibull  parameters  are  sonewhat  dependent  on  spaciMn  voluM. 

3 

The  second  study  led  to  conclusions  contradicting  weakest  link  theory.  It 
was  reported  In  fact  that  "no  size  dependence  of  critical  stress  was  found 
in  the  data  obtained." 

The  present  findings  are  conqiatible  with  those  of  the  first  study,  but 
at  variance  with  those  in  the  second.  A discussion  of  possible  reasons  for 
the  negative  findings  in  the  second  study  is  beyond  the  scope  of  the  present 
paper.  However  it  is  appareni;  even  without  any  analysis  that  the  stateaiest 
in  quotes  is  not  supported  by  the  data  in  the  ATJS  fracture  study  of  Refsrance 
1.  Here  the  maximum  strains  in  the  large  disks  at  fracture  ranged  from 
0.C023  to  0.0046  whereas  in  the  small  standard  tensile  speclMns  they  ranged 
from  0.0038  to  0.0057. 

The.  applicability  of  weakest  link  theory  to  the  graphite  disks  is 
Intuitively  evident  from  the  fact  that  In  almost  all  cases  it  was  possible 
to  identify  the  flaw  that  initiated  the  fracture.  In  addition,  the  assuap- 
tion  of  weakest  link  th  ory  led  to  excellent  detailed  agreement  with  the 
experimental  data.  It  may  be  that  although  not  planned  with  that  in  mind, 
the  test  data  of  Reference  1,  interpreted  as  in  the  present  paper,  constitutes 
one  of  the  most  definitive  confirmations  of  weakest  link  theory  available. 
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CONCLUSIONS 


Nuisurcd  auclmn  strains  In  ATJS  disks  at  various  ratas  of  rotation 
wars  In  oxcallant  agrcanmt  vlth  calculations  baaed  on  a polyaxlal  stress 
strain  relation  proposed  by  the  present  author. 

The  corresponding  stress  analysis  coupled  to  the  theory  of  biaxial 
fracture  statistics  led  to  very  good  agreeaent  with  all  the  observed 
disk  fracture  data. 

The  agreesMnt  between  theory  and  experlaent  strongly  supports  the 
thesis  that  neakest  link  theory  Is  applicable  to  the  fracture  of  ATJS 
graphite . 

The  success  of  the  analysis  Illustrates  how  theory  can  be  used  for 
the  purpose  of  enhancing  the  accuracy,  consistency  und  practical  useful- 
ness of  experlisental  results. 
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